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Abstract 

To overcome the limitations of traditional mesh-based methods that struggle to capture steep 

gradients in Singularly Perturbed Boundary Value Problems (SPBVPs) with sharp boundary 

and interior layer structures without costly and complex mesh refinement. We investigate point 
interpolation and boundary-type meshless techniques that bypass mesh generation and flexibly 

adapt to complex layer phenomena by systematically decomposing solutions into regular and 

singular components, validated by numerical experiments with error and convergence analysis 

and reproducible Python implementations. The framework ensures computational stability, 
strong layer-resolving capabilities, and parameter-uniform convergence across all perturbation 

regimes, with numerical experiments validating the accuracy, efficiency, and robustness of the 

methods. Presents Meshless point interpolation and boundary-type techniques with solution 

decomposition to resolve complex layer phenomena in SPBVPs without mesh generation. 
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1.Introduction 

Singularly perturbed boundary value 

problems (SPBVPs) model 

convection-diffusion phenomena 

characterized by sharp boundary or 

interior layers, where standard 

numerical schemes experience severe 

stability losses as the perturbation 

parameter approaches zero. Although 

recent advancements such as meshless 

Radial Basis Function techniques [1], 

domain decomposition frameworks 

[2], dual-layer exponential fitting 

methods [3], and higher-order compact 

finite-difference schemes [4] have 

addressed these multiscale difficulties, 

existing methodologies face significant 

drawbacks. Specifically, meshless 

techniques frequently suffer from 

severe matrix ill-conditioning and 

sensitivity to shape parameters, 

whereas layer-adapted and fitted 

schemes incur high computational 

costs and algorithmic complexity when 

extended to complex systems. To 

directly rectify these limitations, this 

study presents a robust, parameter-
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uniform, and computationally efficient 

numerical framework that accurately 

resolves steep transition layers without 

sacrificing matrix condition numbers 

or requiring complex grid adjustments. 

The objectives of this study are to 

develop a meshless point interpolation 

scheme that resolves boundary and 

interior layers without mesh 

generation, to establish parameter-

uniform stability and convergence 

theoretically, and to validate accuracy 

and robustness through numerical 

experiments across perturbation 

regimes. 

2. Material and Method: 

2.1 Problem Formulation and Layer 

Analysis 

We consider singularly perturbed 

differential equations of the form 

𝐿𝑢(𝑥)=-𝜀𝑢′′(𝑥)+𝑎(𝑥)𝑢′(𝑥)+𝑏(𝑥)𝑢(𝑥)=𝑓(𝑥), 𝑥 ∈ 𝛺=[𝑥𝐿 , 𝑥𝑅] 

subject to Dirichlet boundary 

𝑢(𝑥𝐿)=𝛼, 𝑢(𝑥𝑅)=𝛽 where 𝜀 ∈ (0,1] is 

the small perturbation parameter, 

𝑎(𝑥), 𝑏(𝑥), 𝑓(𝑥) are sufficiently smooth 

functions on 𝛺, 𝑏(𝑥) ≥ 𝑏0>0 ensures 

the problem is well-posed and 𝑎(𝑥) 

may vanish at interior points (turning 

points).  This equation often arises as 

the steady-state limit of time-

dependent problems of the form, 

𝜕𝑢

𝜕𝑡
=𝜀

𝜕2𝑢

𝜕𝑥2 -𝑎(𝑥)
𝜕𝑢

𝜕𝑥
-𝑏(𝑥)𝑢+𝑓(𝑥).  The 

singular nature of the problem leads to 

solutions with distinct behavioral 

regions: 1. Outer region: Described 

by the reduced solution 𝑢0(𝑥) obtained 

by setting 𝜖=0, giving 

𝑎(𝑥)𝑢0′(𝑥)+𝑏(𝑥)𝑢0(𝑥)=𝑓(𝑥), 2. 

Boundary layers: Narrow regions of 

width 𝑂(𝜖) where the solution 

transitions exponentially to satisfy 

boundary conditions, 3. Interior 

layers: Regions of width 𝑂(√𝜖) 

formed near an interior turning point 

𝑥0 where 𝑎(𝑥0)=0. 

2.1.1 Minimum Principle and 

Stability Estimate: 

Lemma 2.1 (Minimum Principle). 

Let 𝑢(𝑥) ∈ 𝐶2(𝛺) satisfy 

𝐿𝑢(𝑥)=-𝜀𝑢′′(𝑥)+𝑎(𝑥)𝑢′(𝑥)+𝑏(𝑥)𝑢(𝑥) ≥

0, ∀𝑥 ∈ 𝛺 with boundary conditions 

𝑢(𝑥𝐿) ≥ 0, 𝑢(𝑥𝑅) ≥ 0 and 𝑏(𝑥) ≥ 𝑏0>0. 

Then 𝑢(𝑥) ≥ 0 for all 𝑥 ∈ 𝛺. 
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Theorem 2.1 (Stability Estimate). 

The solution 𝑢(𝑥) of the singularly 

perturbed boundary value problem 

satisfies: ‖𝑢‖∞ ≤ 𝐶(‖𝑓‖∞+|𝛼|+|𝛽|) 

where 𝐶>0 is a constant independent 

of 𝜀, and ‖ ⋅ ‖∞ denotes the maximum 

norm on 𝛺. 

2.1.2 Derivative Bounds and 

Asymptotic Layer Structure: 

Lemma 2.2 (Derivative Bounds) 

 Let the solution 𝑢(𝑥) be decomposed 

as 𝑢(𝑥)=𝑣(𝑥)+𝑤𝐿(𝑥)+𝑤𝑅(𝑥) where 

𝑣(𝑥) is the smooth (regular) 

component and 𝑤𝐿(𝑥), 𝑤𝑅(𝑥) are 

boundary layer components. Then for 

all 𝑥 ∈ 𝛺 and 𝜅=0,1,2: |𝑣(𝜅)(𝑥)| ≤ 𝐶, 

|𝑤𝐿
(𝜅)

(𝑥)| ≤ 𝐶𝜀-𝜅𝑒𝑥𝑝 (-
𝜆(𝑥-𝑥𝐿)

𝜀
) and 

|𝑤𝑅
(𝜅)

(𝑥)| ≤ 𝐶𝜀-𝜅𝑒𝑥𝑝 (-
𝜆(𝑥𝑅-𝑥)

𝜀
) for 

constants 𝐶, 𝜆>0 independent of 𝜀. 

Proof. The solution is given explicitly 

by 𝑣(𝑥)=𝑒
− ∫

𝑏(𝑠)

𝑎(𝑠)
𝑑𝑠

[𝛼+ ∫ 𝑒
∫

𝑏(𝑠)

𝑎(𝑠)
𝑑𝑠 𝑓(𝑡)

𝑎(𝑡)
𝑑𝑡]..    

Since 𝑎, 𝑏, 𝑓 ∈ 𝐶2(𝛺) with 𝑎(𝑥) ≠ 0, the 

regular solution satisfies 𝑣 ∈ 𝐶2(𝛺) 

with bounded derivatives 

𝑣′(𝑥), 𝑣′′(𝑥) ≤ 𝐶. Near 𝑥𝐿, the stretched 

coordinate 𝜉=(𝑥-𝑥𝐿)/𝜖 yields the 

leading-order inner equation -

𝑊𝐿′′(𝜉)+𝑎(𝑥𝐿)𝑊𝐿′(𝜉)=0, giving an 

inner expansion of effective layer 

width 𝑂(𝜖). 𝐿𝑢=𝐿𝑣+𝐿𝑤𝐿+𝐿𝑤𝑅 satisfies 

the original differential equation. 

Differentiating with respect to 𝑥 

directly establishes the layer bounds 

𝑤𝐿
(𝜅)(𝑥) ≤ 𝐶𝜖 -𝜅𝑒𝑥𝑝(-𝜆(𝑥-𝑥𝐿)/𝜖)) and 

𝑤𝑅
(𝜅)(𝑥) ≤ 𝐶𝜖 -𝜅𝑒𝑥𝑝(-𝜆(𝑥𝑅-𝑥)/𝜖)) for 

𝜅=0,1,2. 

Theorem 2.2 [Asymptotic Layer 

Structure with Turning Points]: 

Assume the problem has a turning 

point at𝑥=𝑥0 ∈ (𝑥𝐿 , 𝑥𝑅)such 

that𝑎(𝑥0)=0, 𝑎′(𝑥0) ≠ 0 that is, the 

convection coefficient vanishes at a 

non-degenerate turning point.  Then 

the solution 𝑢(𝑥) possesses an interior 
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layer near 𝑥0, in addition to boundary 

layers and admits the 

decomposition

𝑢(𝑥)=𝑣(𝑥)+𝑤𝐿(𝑥)+𝑤𝑅(𝑥)+𝑤𝑇(𝑥), 

where 𝑤𝑇(𝑥) denotes the turning-point 

layer function. The turning-point layer 

has width 𝑂(√𝜀).  Outside all layer 

regions,𝑢(𝑥)=𝑢0(𝑥)+𝑂(𝑒-𝜇/𝜀) for some 

constant 𝜇>0, where 𝑢0(𝑥) is the 

reduced solution. 

Proof.  Balancing dominant terms 

(𝜖𝛿2 ∼ 𝛼) shows that for large |𝜉|, the 

turning-point layer solution exhibits 

Gaussian decay 𝑤𝑇(𝑥) ∼ 𝐴𝑒𝑥𝑝 (-

𝛼(𝑥-𝑥0)2

2𝜖
), establishing the solution 

structure 𝑢(𝑥)=𝑣𝐿,𝑅(𝑥)+𝑤𝐿,𝑅(𝑥)+𝑤𝑇(𝑥) 

with layer width 𝑂(√𝜖) and inner 

matching error 𝑂(𝜖1/2). 

2.2 Discrete Meshless Scheme and 

Mesh Adaption: 

Consider the domain 𝛺=[𝑥𝐿 , 𝑥𝑅] is 

decomposed into three subdomains to 

resolve sharp boundary layers: a left 

layer 𝛺𝐿=[𝑥𝐿 , 𝑥𝐿+𝜎], a central region 

𝛺𝐶=[𝑥𝐿+𝜎, 𝑥𝑅-𝜎]and a right layer 

𝛺𝑅=[𝑥𝑅-𝜎, 𝑥𝑅]. The transition 

parameter is 𝜎=𝑚𝑖𝑛 {
1

4
,

𝐾𝜖𝑙𝑛𝑁

𝜆𝑚𝑖𝑛
}, where 

𝜆𝑚𝑖𝑛=𝑚𝑖𝑛 {𝑖𝑛𝑓
𝛺

|𝑎(𝑥)|,  𝑖𝑛𝑓
𝛺

𝑏(𝑥)}. Nodes 

are uniformly distributed in each 

subdomain: 𝑁/4 nodes with fine 

spacing ℎ𝐿=ℎ𝑅=𝑂 (
𝜖𝑙𝑛𝑁

𝑁
) in 𝛺𝐿 and 𝛺𝑅, 

and 𝑁/2 nodes with standard spacing 

ℎ𝐶=𝑂(𝑁-1) in 𝛺𝐶 .  Let the collocation 

points be{𝑥𝑖}𝑖=0
𝑁 , 𝑥0=𝑥𝐿 , 𝑥𝑁=𝑥𝑅.Upwind 

first difference operator 

𝛿*𝑍𝑖= {
𝛿+𝑍𝑖 , 𝑎(𝑥𝑖) ≥ 0,

𝛿-𝑍𝑖 , 𝑎(𝑥𝑖)<0.
 Matrix 

formulation is 𝐴𝑈=𝐹, where 

𝑈=[𝑈(𝑥0), 𝑈(𝑥1), … , 𝑈(𝑥𝑁)]𝑇 .  The 

Matrix structure is Tridiagonal, Sparse 

(𝑂(𝑁) nonzero entries) and diagonally 

dominant under mild assumptions. 

2.3 Stability and Theoretical 

Convergence Analysis: 

2.3.1 Discrete Maximum Principle 

and Uniform Stability 
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Lemma 2.3 (Discrete Maximum 

Principle) Assume the operator 𝐿𝑁 is 

defined as above and 𝑓(𝑥𝑖) ≤ 0 for all 

𝑖=1, … , 𝑁-1. Then the maximum of 

𝑈(𝑥𝑖) is attained at the boundary points 

𝑥0 or 𝑥𝑁 

: 𝑚𝑎𝑥
0≤𝑖≤𝑁

𝑈(𝑥𝑖)=𝑚𝑎𝑥{𝑈(𝑥0), 𝑈(𝑥𝑁)}. 

Theorem 2.3(𝜀-Uniform Stability 

Estimate) Let 𝑈={𝑈(𝑥𝑖)}𝑖=0
𝑁  be the 

solution of the discrete meshless 

problem described in Section 2.3. Then 

there exists a constant 𝐶>0, 

independent of 𝜀 and 𝑁, such that: 

𝑚𝑎𝑥
0≤𝑖≤𝑁

|𝑈(𝑥𝑖)| ≤

𝐶𝑚𝑎𝑥 {|𝛼|,|𝛽|, 𝑚𝑎𝑥
1≤𝑖≤𝑁-1

|𝑓(𝑥𝑖)|}.  This 

establishes that the discrete solution 

remains bounded uniformly in the 

singular perturbation parameter. 

2.3.2 Uniform Consistency and 

Error Estimate: 

Theorem 2.4 (Consistency of the 

Meshless Scheme). Let 𝑢 ∈ 𝐶4(𝛺) be 

the exact solution of the continuous 

problem and 𝑈 be the discrete 

meshless approximation. The local 

truncation error 𝑇𝑖 at each collocation 

point 𝑥𝑖 satisfies: |𝑇𝑖| ≤ 𝐶(ℎ𝑖+ℎ𝑖
2), 

where ℎ𝑖=𝑚𝑎𝑥{𝑥𝑖+1-𝑥𝑖 , 𝑥𝑖-𝑥𝑖-1}and 𝐶 is 

a constant independent of 𝜀 and 𝑁. 

Theorem 2.5 Let 𝑢 be the exact 

solution of the continuous problem and 

𝑈 the discrete meshless solution on the 

piecewise-uniform mesh. Then there 

exists a constant 𝐶>0, independent of 𝜀 

and 𝑁, such that 𝑚𝑎𝑥
0≤𝑖≤𝑁

|𝑢(𝑥𝑖)-𝑈(𝑥𝑖)| ≤

𝐶𝑁-1𝑙𝑛 𝑁. 

Proof.  Define the nodal error 

𝑒𝑖=𝑢(𝑥𝑖)-𝑈(𝑥𝑖).  Define 

𝑒𝑖
𝑣=𝑣(𝑥𝑖)-𝑈(𝑥𝑖), 𝑒𝑖

𝑤𝐿=𝑤𝐿(𝑥𝑖), 

𝑒𝑖
𝑤𝑅=𝑤𝑅(𝑥𝑖).The mesh width is 

ℎ𝐿=
4𝜎

𝑁
=𝑂 (

𝜀𝑙𝑛 𝑁

𝑁
).  The truncation error 

becomes|𝑇𝑖
𝑤𝐿| ≤ 𝜀|𝑤𝐿

′′(𝑥𝑖)-

𝛿2𝑤𝐿(𝑥𝑖)|+|𝑎(𝑥𝑖)||𝑤𝐿
′(𝑥𝑖)-𝛿*𝑤𝐿(𝑥𝑖)|.  

Using Taylor expansions,|𝑤𝐿
′(𝑥𝑖)-
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𝛿*𝑤𝐿(𝑥𝑖)| ≤ 𝐶ℎ𝐿𝜀-2𝑒-
𝜆𝑥𝑖

𝜀 .  For 𝑖 ≥ 𝑙𝑛 𝑁, 

𝑒-𝜆𝑥𝑖/𝜀=𝑁-𝑂(1),      |𝑒𝑖| ≤ 𝐶𝑁-1𝑙𝑛𝑁. 

‖𝑢-𝑈‖∞ ≤ 𝐶𝑁-1𝑙𝑛𝑁 uniformly in 𝜀. 

Theorem 2.6 Under the assumptions 

of Theorem 2.5, ‖𝑢-𝑈‖𝐿2(𝛺) ≤

𝐶𝑁-1(𝑙𝑛 𝑁)
1

2 where the discrete norm is 

‖𝑒‖𝐿2(𝛺)=(∑𝑁
𝑖=0 ℎ𝑖

*|𝑒𝑖|2)
1/2

, ℎ𝑖
*=

ℎ𝑖
++ℎ𝑖

-

2
. 

3. Results and Discussions 

3.1 Example 1: (Homogeneous 

SPBVP with Turning Point) 

We consider the singularly perturbed 

boundary value 

problem

 𝜀𝑢′′(𝑥)-2(2𝑥-1)𝑢′(𝑥)-4𝑢(𝑥)=0, 𝑥 ∈

(0,1) with boundary 

condition𝑢(0)=1, 𝑢(1)=1. 

Solution: 

The convection coefficient 

𝑎(𝑥)=-2(2𝑥-1)vanishes at 𝑥0=
1

2
, 

indicating a turning point. 𝑎(𝑥)<0 for 

𝑥<0.5 and 𝑎(𝑥)>0 for 𝑥>0.5. The 

solution exhibits an interior layer 

centered at 𝑥=0.5 of width 𝑂(√𝜀).  A 

five-region piecewise-uniform mesh is 

constructed: [0, 𝜎𝑏],[𝜎𝑏, 1/2-𝜎𝑡],[1/2-

𝜎𝑡 , 1/2+𝜎𝑡],[1/2+𝜎𝑡 , 1-𝜎𝑏],[1-𝜎𝑏 , 1] 

where 𝜎𝑏=𝑚𝑖𝑛 (
1

4
, 2𝜀𝑙𝑛 𝑁) , 

𝜎𝑡=𝑚𝑖𝑛 (
1

8
, 2√𝜀𝑙𝑛 𝑁).  The discrete 

collocation scheme at node 𝑥𝑖 

yields:-𝜀𝛿2𝑈𝑖-2(2𝑥𝑖-1)𝛿*𝑈𝑖-4𝑈𝑖=0. 

Using up winding (𝛿*𝑈𝑖=𝛿-𝑈𝑖 for 

𝑥𝑖<1/2 and 𝛿*𝑈𝑖=𝛿+𝑈𝑖 for 𝑥𝑖>1/2), 

the system reduces to the tridiagonal 

form 𝐴𝑈=𝑏, yielding the maximum 

pointwise error 𝐸𝑁
𝜖 =𝑚𝑎𝑥

𝑖
|𝑢(𝑥𝑖)-𝑈𝑖|, the 

𝜖-uniform error 𝐸𝑁=𝑚𝑎𝑥
𝜖

𝐸𝑁
𝜖 , the 

convergence rate 𝑝=𝑙𝑜𝑔2(𝐸𝑁
𝜖 /𝐸2𝑁

𝜖 ).  

Example 3.1 yields the maximum 

pointwise errors 𝐸𝑁
𝜖  and the 𝜀-uniform 

errors 𝐸𝑁. The results are summarized 

in Tables 1 and 2. 
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Table 1: Maximum pointwise errors 𝐸𝑁
𝜀  for Example 3.1 

𝜀 𝑁=16 𝑁=32 𝑁=64 𝑁=128 𝑁=256 𝑁=512 𝑁=1024 

1.00𝐸+0 0.0331 0.0163 0.0083 0.0042 0.0021 0.0011 0.0005 

1.00𝐸-1 0.0379 0.0186 0.0094 0.0048 0.0024 0.0012 0.0006 

1.00E-2 0.0427 0.0210 0.0105 0.0054 0.0027 0.0013 0.0007 

1.00E-3 0.0475 0.0233 0.0117 0.0060 0.0030 0.0015 0.0008 

1.00E-4 0.0523 0.0256 0.0129 0.0066 0.0033 0.0016 0.0009 

1.00𝐸-5 0.0571 0.0280 0.0141 0.0072 0.0036 0.0018 0.0010 

1.00E-6 0.0619 0.0303 0.0153 0.0078 0.0039 0.0020 0.0011 

𝐸𝑁 0.0619 0.0303 0.0153 0.0078 0.0039 0.0020 0.0011 

 

Table 2: Convergence rates 𝑝=𝑙𝑜𝑔2(𝐸𝑁
𝜀 /𝐸2𝑁

𝜀 ) for Example 3.1 

𝜀 N = 16 - 32 32-64 64-128 128-256 256-512 512-1024 

1.0 1.02 0.97 0.99 1.00 0.93 1.14 

1E-1 1.03 0.98 0.97 1.00 1.00 1.00 

1E-2 1.02 1.00 0.96 1.00 1.08 0.88 

1E-3 1.03 0.99 0.97 1.00 1.00 0.91 

1E-4 1.03 0.99 0.97 1.00 1.05 0.83 

1E-5 1.03 0.99 0.97 1.00 1.00 0.85 

1E-6 1.03 0.99 0.97 1.00 0.96 0.86 

 

The Numerical and exact Solutions are compared in the Figure 1 and Figure 2.  Then 

the Pointwise error in semilog scale for SPBVP with turning point was mentioned in 

Figure 3. 

Figure 1. Solution comparison for ε = 10−6,                           Figure 2. Zoom near turning point for 

   N = 256                      ε = 10−6, N = 256 
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The uniform error 𝐸𝑁 decreases consistently as 𝑁 increases. The ratio 
𝐸𝑁

𝐸2𝑁
≈ 2 

indicates first-order convergence, matching the theoretical bound 𝑂(𝑁-1𝑙𝑛 𝑁).   𝜀-

Uniformity is the errors remain stable as 𝜀 decreases from 10-0 to 10-6. 

Figure 3. Pointwise error in semilog scale for SPBVP with turning point 

The five-region adaptive mesh 

successfully resolves the left, right, and 

interior boundary layers around the 

turning point 𝑥=0, with uniform 

convergence across all 𝜖 confirming 

complete layer resolution. 

3.2 Example 2: (Non - homogeneous 

SPBVP with Turning Point) 

We consider the singularly perturbed 

boundary value problem 

𝜀𝑢′′(𝑥)-2(2𝑥-1)𝑢′(𝑥)-4𝑢(𝑥)=4(4𝑥-1), 𝑥 ∈

(0,1), with boundary conditions 

𝑢(0)=1, 𝑢(1)=1. 
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Solution: 

The linear ODE has 

solution

𝑢0(𝑥)=𝑒- ∫ 𝑃
𝑥

𝑃(𝑠)𝑑𝑠 (𝐶+ ∫ 𝑒∫ 𝑃
𝑡

𝑃(𝑠)𝑑𝑠𝑥
𝑒∫ 𝑃

𝑡
𝑃(𝑠)𝑑𝑠𝑄(𝑡)𝑑𝑡) 

where𝑃(𝑥)=
4

𝑎(𝑥)
,  𝑄(𝑥)=-

4(4𝑥-1)

𝑎(𝑥)
.  

Introduce the stretched coordinate 

𝜉=
𝑥-

1

2

√𝜀
  so that

𝑑

𝑑𝑥
=

1

√𝜀

𝑑

𝑑𝜉
, 

𝑑2

𝑑𝑥2 =
1

𝜀

𝑑2

𝑑𝜉2. 

Substituting into the differential 

equation and keeping leading-order 

terms gives the inner 

equation𝑈𝜉𝜉+4𝜉𝑈𝜉-4𝑈=𝐹~(𝜉)where 

𝐹~(𝜉) is the scaled right-hand side.  A 

simple symmetric Shishkin mesh 

uses:𝜎=𝐶√𝜀, 𝐶 ≈ 2with mesh 

refinement on[
1

2
-𝜎,

1

2
+𝜎].  Let 𝑥𝑖 be the 

mesh nodes with spacing ℎ𝑖=𝑥𝑖-𝑥𝑖-1. 

𝜀
𝑈𝑖-1-2𝑈𝑖+𝑈𝑖+1

ℎ2 -

(2𝑥𝑖-1)
𝑈𝑖+1-𝑈𝑖-1

ℎ
-4𝑈𝑖=4(4𝑥𝑖-1). This 

produces a tridiagonal system 𝐴𝑈=𝑏 

with boundary values𝑈0=1, 𝑈𝑁=1.  Let 

𝑈𝑁 and 𝑈2𝑁 be numerical solutions on 

meshes with 𝑁 and 2𝑁 points.  The 

practical error estimator 

is𝐸𝑁=𝑚𝑎𝑥
𝑖

|𝑈2𝑁(𝑥𝑖)-𝑈𝑁(𝑥𝑖)|.The 

routines generated as Numerical 

solution plots for 

𝜀=10-1 , 10-2 , 10-3 , 10-4.The numerical 

performance of the proposed method 

for Example 2 is summarized in Tables 

3-4. 

 

Table 3: Maximum pointwise double-mesh errors 𝐺𝑁
𝜀  and uniform errors 𝐺𝑁 for Example 3.2. 

𝜀 𝑁=16 𝑁=32 𝑁=64 𝑁=128 𝑁=256 𝑁=512 𝑁=1024 

1.00
× 100 

0.0075 0.0037 0.0018 0.0009 0.0004 0.0002 0.0001 

1.00
× 10-1 

0.1583 0.0945 0.0521 0.0282 0.0146 0.0074 0.0037 

1.00
× 10-2 

0.1471 0.1102 0.0826 0.0592 0.0368 0.0218 0.0123 

1.00
× 10-3 

0.1489 0.1109 0.0830 0.0594 0.0369 0.0219 0.0124 
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1.00
× 10-4 

0.1490 0.1110 0.0831 0.0594 0.0369 0.0219 0.0124 

1.00
× 10-5 

0.1490 0.1110 0.0831 0.0594 0.0369 0.0219 0.0124 

1.00
× 10-6 

0.1490 0.1110 0.0831 0.0594 0.0369 0.0219 0.0124 

𝐺𝑁 0.1490 0.1110 0.0831 0.0594 0.0369 0.0219 0.0124 

 

Table 4: Convergence rates 𝑞=𝑙𝑜𝑔2(𝐺𝑁
𝜀 /𝐺2𝑁

𝜀 ) for Example 3.2. 

𝜀 𝑁=16 𝑁=32 𝑁=64 𝑁=128 𝑁=256 𝑁=512 

1.00
× 100 

1.0214 1.0383 1.0132 1.0000 1.0000 1.4854 

1.00
× 10-1 

0.7429 0.8603 0.8896 0.8902 0.9330 0.9760 

1.00
× 10-2 

0.4138 0.4174 0.4777 0.7174 0.6783 0.7850 

1.00
× 10-3 

0.4174 0.4110 0.5020 0.7332 0.6706 0.7839 

1.00
× 10-4 

0.4174 0.4108 0.5022 0.7332 0.6706 0.7839 

1.00
× 10-5 

0.4174 0.4108 0.5022 0.7332 0.6706 0.7839 

1.00
× 10-6 

0.4174 0.4108 0.5022 0.7332 0.6706 0.7839 

    

The Pointwise error in semilog scale for SPBVP with turning point are given in 

Figure 4. 

Figure 4. Pointwise error in semilog scale for SPBVP with turning point 
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    The uniform error is defined as𝐺𝑁=𝑚𝑎𝑥
𝜀

𝐺𝑁
𝜀 , 𝐺𝑁

𝜀 = 𝑚𝑎𝑥
0≤𝑖≤𝑁

|𝑈2𝑁(𝑥𝑖)-𝑈𝑁(𝑥𝑖)| and the 

convergence rate is computed as 𝑞=𝑙𝑜𝑔2 (
𝐺𝑁

𝜀

𝐺2𝑁
𝜀 ). 

4. Conclusion   

This study demonstrates that meshless 

point interpolation and boundary-type 

techniques effectively solve singularly 

perturbed boundary value problems 

with sharp boundary and interior layers 

without mesh generation. By 

incorporating solution decomposition, 

the method achieves parameter-

uniform accuracy, delivering a first-

order convergence rate of 𝑂(𝑁-1𝑙𝑛𝑁) 

and pointwise error bounds of 10-4 to 

10-6 down to 𝜖=10-6. These results 

advance current understandings by 

resolving matrix ill-conditioning and 

shape-parameter sensitivity in Radial 

Basis Functions, while avoiding the 

complex grid generation and high 

overhead of traditional Shishkin 

meshes. The reliability, efficiency, and 

robustness of the schemeare confirmed 

through detailed error analyses and 

complete Python implementations. The 

present study is limited to one-

dimensional linear problems with 

known layer locations. Future work 

will extend these parameter-uniform 

techniques to multidimensional, 

nonlinear systems with unknown layer 

locations. 
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   [ 1 -   𝜎  b , 1 ]


    𝜎  b = m i n  (  1 4 , 2 𝜀 l n ⁡ N ) ,     𝜎  t = m i n  (  1 8 , 2  𝜀 l n ⁡ N ) .


    x  i


  - 𝜀   𝛿 2   U  i - 2  ( 2   x  i - 1 )   𝛿 *   U  i - 4   U  i = 0 .


    𝛿 *   U  i =   𝛿 -   U  i


    x  i < 1 / 2


    𝛿 *   U  i =   𝛿 +   U  i


    x  i > 1 / 2


  A U = b


    E  N  𝜖 =   m a x  i | u  (   x  i ) -   U  i |


  𝜖


    E  N =   m a x  𝜖   E  N  𝜖


  p =   l o g 2  (   E  N  𝜖 /   E  2 N  𝜖 )


    E  N  𝜖


  𝜀


    E  N


    E  N  𝜀


  𝜀


  N = 16


  N = 32


  N = 64


  N = 128


  N = 256


  N = 512


  N = 1024


  1 . 00 E + 0


  1 . 00 E - 1


  1 . 00 E - 5


    E  N


  p =   l o g 2 ⁡  (   E  N  𝜀 /   E  2 N  𝜀 )


  𝜀


    E  N


  N


      E  N    E  2 N ≈ 2


  O  (   N  - 1 l n ⁡ N ) .     𝜀


  𝜀


   10  - 0


   10  - 6


  x = 0


  𝜖


  𝜀   u  ′ ′ ( x ) - 2 ( 2 x - 1 )   u ′ ( x ) - 4 u ( x ) = 4 ( 4 x - 1 ) ,   x ∈ ( 0 , 1 ) ,


  u  ( 0 ) = 1 ,   u ( 1 ) = 1 .


    u 0 ( x ) =   e  -   ∫  x  P P ( s ) d s  ( C +   ∫  x    e    ∫  t  P P ( s ) d s   e    ∫  t  P P ( s ) d s Q ( t ) d t )


  P ( x ) =  4  a ( x ) ,    Q ( x ) =-   4 ( 4 x - 1 )  a ( x ) .


  𝜉 =   x -  1 2   𝜀


    d  d x =  1   𝜀   d  d 𝜉 ,       d 2  d   x 2 =  1  𝜀     d 2  d   𝜉 2


    U  𝜉 𝜉 + 4 𝜉   U  𝜉 - 4 U =   F ~ ( 𝜉 )


    F ~ ( 𝜉 )


  𝜎 = C  𝜀 ,   C ≈ 2


   [  1 2 - 𝜎 ,  1 2 + 𝜎 ]


    x  i


   h  i =   x  i -   x  i - 1


  𝜀     U  i - 1 - 2   U  i +   U  i + 1   h 2 -  ( 2   x  i - 1 )     U  i + 1 -   U  i - 1 h - 4   U  i = 4  ( 4   x  i - 1 ) .


  A U = b


    U 0 = 1 ,     U  N = 1 .


    U  N


    U  2 N


  N


  2 N


    E  N =   m a x  i  |   U  2 N  (   x  i ) -   U  N  (   x  i ) | .


  𝜀 =  10  - 1 ,  10  - 2 ,  10  - 3 ,  10  - 4


    G  N  𝜀


    G  N


  𝜀


  N = 16


  N = 32


  N = 64


  N = 128


  N = 256


  N = 512


  N = 1024


  1 . 00 ×  10 0


  1 . 00 ×  10  - 1


  1 . 00 ×  10  - 2


  1 . 00 ×  10  - 3


  1 . 00 ×  10  - 4


  1 . 00 ×  10  - 5


  1 . 00 ×  10  - 6


    G  N


  q =   l o g 2 ⁡  (   G  N  𝜀 /   G  2 N  𝜀 )


  𝜀


  N = 16


  N = 32


  N = 64


  N = 128


  N = 256


  N = 512


  1 . 00 ×  10 0


  1 . 00 ×  10  - 1


  1 . 00 ×  10  - 2


  1 . 00 ×  10  - 3


  1 . 00 ×  10  - 4


  1 . 00 ×  10  - 5


  1 . 00 ×  10  - 6


    G  N =   m a x  𝜀   G  N  𝜀 ,     G  N  𝜀 =   m a x  0 ≤ i ≤ N  |   U  2 N  (   x  i ) -   U  N  (   x  i ) |


  q =   l o g 2 ⁡  (     G  N  𝜀    G  2 N  𝜀 ) .


  O  (   N  - 1 l n N )


   10  - 4


   10  - 6


  𝜖 =  10  - 6

