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ABSTRACT

Using a modified Hamiltonian that takes into account both the bilinear and
D- M interactions as well as the biquadratic anisotropic interaction, the dynamical
theory of soliton excitation in a one-dimensional antiferromagnetic spin lattice is
investigated. The two coupled nonlinear partial differential equations that govern
the dynamics of the system are derived by introducing the Holstein-Primakoff
transformation, the coherent state ansatz, and the time-dependent variational
principle. The double- hump soliton propagation, the effect of interaction, and
finally the inhomogenity parameters are examined by the Sine-Cosine function
method.
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1 Introduction

In recent decades, a large amount of work has been conducted in the classical and semi-
classical limit on nonlinear spin excitations in terms of solitons and solitary waves in
magnetic systems [1-14]. For a continuum version of the classical linear Heisen- berg
chain, the classical approach yields general soliton solutions [15-17]. Sincej the bosonic
representation of the spin operators in a quantum spin system allows for the systematic
incorporation of quantum corrections, it turns out to be the best method for studying the
solitary waves. The alternative coherent states method [18-21] fur- ther approximate the
Hamiltonian to be biquadratic in boson operators and uses a severely truncated Holstein-

Primakoff (H-P) expansion [22] for 8 *. Finding a soli- tary wave profile that is identical

to classical solutions by using Glauber’s coherent state representation [23] and using
long-wave and small amplitude approximations is known as semiclassical
treatment.Soliton-like excitations in a spin chain with a biquadratic anisotropic exchange
interaction have been studied in recent decades using the coherent state technique [24,25].
Significant dynamical models that exhibit fascinating nonlinear behaviours have also been used
to Magnetic systems with various kinds of interactions. The D-M inter- action is essential to
understanding the special properties of some magnetic materials. Dzyaloshinski discovered the
D-M interaction, an antisymmetric superexchage inter- action between two spins in quantum
antiferromagnetic systems [26]. Later, Moriya noted that these interactions arise spontaneously
from the spin-orbit coupling under low symmetry and depend on the system’s microscopic
characteristics [27] . Lissouck and Nguenang investigated the solitary excitations in a one-
dimensional AFM with D- M interaction Using the many scales approach and perturbation theory
[28]. A model of the Heisenberg antiferromagnetic spin system with the D-M interaction [29],
bilin- ear and biquadratic interaction [30] has been studied for a continuous approximation. An
examination of how inhomogeneity affects the soliton under perturbation [31-35] shows that
inhomogeneity causes soliton splitting, which in turn causes a disorder in the system. Using a
semi-classical approach that combines the multiple scale method with a quasi-discreteness
approximation and Glauber’s coherent-state representation, the current authors [36] have recently
examined the bright and dark intrinsic localized spin modes of the AFM spin system with
bilinear, biquadratic, anisotropic and D-M interaction using the discrete approximation method.
However, double-hump soliton excitations [37,38] in the afore mentioned system have not been
documented in the literature as far as we are aware. Motivated by this, in this work we use the
continuum approximation to study the double-hump soliton excitation. In this study, we use the
Holstein-Primakoff transformation, coherent state ansatz, and perturbation technique to
investigate the double-hump soliton propagation in the system. We investigate the nature of
double-hump soliton propagation and the effects of inhomogenity in the case of an
inhomogeneous AFM system using the Sine-Cosine perturbation method.

The structure of this paper is as follows. The model Hamiltonian and associated equation of
motion are presented in section 2. Section 3 provides the Sine-Cosine function approach for
solving the resulting equations. A model for the inhomogeneous AFM system is proposed in
section 4, and the effects of inhomogeneity are examined in section 5. Finally, section 6 presents
the conclusions.
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2 Equations of motion based on the Model
Hamiltonian

AFM spin system with bilinear, biquadratic, uniaxial anisotropic and D-M interac-
tions are taken into consideration [36]. The Hamiltonian can be written as

> . ) )
H=  J5.5/+sihsit+s 55" + spasi?’

- 2 2 - 4 4
S S
#
+DZ. 81 xSB+81 x5 . (€Y)
7 J] J+1 J]

Here, the bilinear and biquadratic interaction coefficients in this instance are_denoted by
J and J respectively. D represents the D-M interaction parameter, while 4 and

A re?resglnt the single site uniaxial anisotropic energy resulting from the crystal field
effect. $' ¥ and $' “are the spin operators at the two interpenetrating sublattice sites,

Aand B. ! X
The dimensionless form of the Hamiltonian is expressed by using H = 2;_ J=J;

J=J n28?; 4=4";4'= A1 S and D = D.Thus the spin Hamiltonian (1) has the
following form :

>h R R o A R
H= J SrA+SB*‘_FSA*SB+‘_|_SA+SB*‘_|_SI4*kgB+._'_2SAzkgBZ.
; 22 7 j 7 j J+¥1 g J+1 g 7 j

i .h

+25pa80 5z * 5 @1 SprSp S8+ SpaSia-Spe S

S+ SEGOSP S 2SS S)S

" A+ A BT B— A7 BZ G AZ BZ A+ QB-GAZ T BZ

T2 Ty PSS SIS S TS S ST

PSS+ SRS PSS S S S S

i h
WSS S B SIS STS
1

A A A, A ~ 2 '
A+ CB— A— + A Z BZ \2 A
SALSE +5j+ls§. + & 5‘; + Sy + G
#
A7 4 "BZ 4
S; + S; . ©))

In the semi-classical limit, the soliton excitation in the 1D AFM system can be
studied using the Holstein-Primakoff (H-P) representation of the spin operators [22]
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h h
G 28— a'a .ila S =4t 2S—dla Ai’*; SAZ =85 —ala . 3)
J J 7 J T J JJ J J 7
h i h i
~ Vi Ap_ ~
S;P =bt 25 —bjh; ;S5 = 25-—bjb; “bj;S;P% = S +bip;. (4)

to obtain the bosonized Hamiltonian, w];ic? is the simplified form of the Hamiltonian
(2).The bosonic operators ai(b;)) and a'(b") satisfy the classic commutation relation

[am a'] = Smn, [am an] = [a" a'] = 0.8itce the ground state excitation value of
n m n

aj, a';is small in comparison of 2, the H-P transformation for spin operators can be
extended in a power series with the dimensionless parameter & = 1 for large spins

in the low temperature limit. The equation of motion can be found using Glauber’s
coherent state approach [23] and the time dependent variational principle [39,40]. The
coherent state amplitudes that satisfy the relations ajly(¢)) = oly(?)), bilw(¥)) =
Lilw(?)) and |0) as the vacuum state of the boson system are denoted by the values o
and ;. The resulting equation of motion for the coherent state amplitudes o; and f;,

can be written as follows:

day : : :
ihf:g‘* 27 —4J +24+44 ¢ + J—2J —iD Bi+fi,
+S3 —TJ+6J aﬁTIBi"‘ a;ﬁf,lﬂj—l + 2J+4+64

1
20fajo; + — I+ T = iD o5 T g+
1 .3 1. 0 &
— 7T D FRB 2 B BB B
P t
ool +20 A6 6 B ©)

ih%’fz = 5 2J—4j+24 +44 B + J—2J —iD oo
TSP —J+6J Ggf F g, f o+ 2T +A+64
2p; BB} + _iJ+21j_4liD ¢ EE BB +
B i‘]+ 2i S z% iD G glaf +26/f5 B+ ajia @y Gy
2ol BB +20 &b ol o Bl ©)

The nonlinearity and discreteness of equations 5 and 6 make them difficult to solve
exactly. The exact solution is thus obtained by using the continuum approximation.
This is accomplished by substituting the functions a;(¢) and S(¢) with yi(x, ¢) and
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wa(x, t) respectively. The following is the Taylor series expansion:

1 1
aje1 (D) = ya (D £ nyaxt W £ 3 Wi T a N Wxeac £ weeee. @)
:Biil(t) = Yo (O) = nypx + 9l N ¥oxx £ 3l W + 4l N Woxxooe & oeveeee (8

In this case # is a small dimensionless paramete r. Equations 5 and 6 are solved
using the continuum approximations 7 and 8 to obtain the following equations:

d
ih_;% = aoy1 + aiPo + axP1 + a3iP1 +aas P>+ Pz + Py
—n Ps+Ps+P; +1n°> Ps+Po+ Py +asi
—P3+Ps —in —Ps+P7 +in? — Ps+ P1o
+ae P11 —nPi2 +n* Pis ()
di
ih_c;'j_z =aoy2+a1Qo+axQO1+aziQO1+as O+ 03+ Oa
+n Os+ QO+ 07 +1n? Os+ Qo+ Qo
J— —+Cl5 iQ3+Q4—+i}7
Os+ Q7 +in> Qo+
Oio
+as Q11 +nQi2 + 1% Oz (10)
where a = 2S8%A4 +24 +J —2J); a= 2534 +§4' +2F); a =
0 , 1 ) 2,
S~ +2J);3 = S*D; 4 = S(—J +6J) s = SD;¢ = 4S5
a a a Y2 x a

78


http://www.thebioscan.com/

21(1) S.1(1) 74-100, 2026 www.thebioscan.com

CIENCES

Py = l/{zl//l*, Py = —2l/l*+771//* — NV, P2 = 2ywnys Pyo= ill/{zvlz;
Pa = lll//*2+ M/* Ps B A S Vs P =
iT"’sz’*z“L %/i{w 1! w_ngflz P =8wgfl Zx,&wlwy/bgf*ﬂL wwuw ;P 3
§V'21WM;P_-WMW*+¥2>V%/ V+W—W*Y/12,oc 4-2

YW e P = viyh LooP, = y/gx P = zl//*lwz,ﬁ VRAZE

Oo = wy; O = —ZW + oy — gw*ix O, = 21//11//2!//*, O3 = —l//?l/(j(z
Q4=w2w*l//*+21g/1v/* O svwy llz/wlw*z Q ="y .
Q7=_l// e+ g/ytg”r A% Q = t//gyle//“rv/t// w5, Q=

1 sy, ok | 1 1 —
_wv/ O _w v +v§t//w+wvfl+wvzw2+ggcwyl,Q =

xx
vilws O 1 = wypwn O 1 = Wwhv' i+ wyiys . All the parameters are

available in the first and second order derivative terms in equations 9 and 10 . Also
the higher order terms are very lengthy and while tested with mathematica software,
their effect is found to be negligibly small. Hence we have excluded the higher order
derivatives. Equations 9 and 10 are coupled nonlinear partial differential equations
at the continuum limit. The perturbation method, discussed in the following section, is
used to solve these equations.
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soliton representing spin excitation with ¢=—0.01,J=12,J

Fig. 1  Double-hump
6,4=1,4 =05 D=1,n=1and S =05

3 Double-hump Soliton Excitations

equations, numerous efficient methods have been used in the last few decades [41-48].
Our, method of choice is the Sine-Cosine functiop method.to generate Spin excitations
ot the $o (1)tary wave type.eﬁl{ls approacflu?nvoﬁzes er%l’lg%/jl = iie +Iz)}9 1{/* = %‘) —iF,
Y2 = G+iH, Y5 = G—iH in equations

then used to separate the real and imaginary parts and get the following equations:

To obtain explicit travelling and solitary wave solutions to nonlinear evolution

9 and 10.The wave variable é=x—ctis

—flCF/:—FaoE + a E? + EF? + aruo + aszu

Wl

x
3

1 2
representing spin excitation

with

-3 =2 -1
Fig. 2 Time variation of double-hump soliton
c=-001,J=12,J =6,4=1,4=05D=1,7n=1and S=0.5.
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“+asur + asuz + asus = 0, (1 1)

hcE:+ aoF +a1 E*’F +F3 + axus + aszue
+aau7 + asug + asg = 0, (12)

—hcH:+ aoG + a1 G* + GH? + axuio + asun

+asuir + asuiz + asiia = 0 (13)
and
heG:+aoH + a1 GPH + H? + axuis + asues
+asu17 + asu18 + astt19 = 0. (14)
The expressions for u,, ui, ..., uivareinAppendixA. The following forms can be used
to solve equations 11 - 14 :
E(x, t) = E(&) = A1 cos? (ud), (15
F(x, ©) = F (&) = Az cos?(ud), (16)
G(x, 1) = G(&) = A3 cos™ (ud), a7

and
H(x, ) = H(&) = A4 cos™ (ud).

Here 41, A2, A3 and A4 are the constant parameters. £ f1, f2, f3 and f4 are deter-

mined by balancing the nonlinear term in equations 11 - 14 with the linear higher

order derivative term, which yields £ = > = /3 = 4 = 1. After that, a system of

algebraic equation is obtained by using the values of 1, 5>, 3 and 4 from equations
11 - 14 . The following results can be obtained by solving the system of algebraic

equations using symbolic computation:

U Ul2 - 4U2Us
2 1 2Us 5
Lo n
/11 = 2 l,
72}
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Ao = A4 =0, @D
5

s=2 (22)
W,

where
Ui = —16ch? + 8nas + 12nas + 10nas,
U= 1600+ 8ai1— 16a> — 16a3 + 8as ,
U; = 772 —12a, + 12a3 — 3a4 + 8as + 4as ,
Wi =—=2ch’u — 2a0 + 4az + 2nuax + n’*ulax + 4as + 2yuas + nulas,
W> = 8ai + 4as — 6nuas + 9n*u’as + 4as — 6nuas + 9nu’as,
W3 = —2ch?u — 2ao + 4as + 2nuax + n*uay + 4as — 2nuas + n*ulas,
Wi = 4as — 6nuas + O*u’as +4a s — 6n uas + 9n’u’as.

Thus the solutions to equations 9 and 10 are

2 P e Vo, (23)
w1 X, t= — Xsecn [, — T x X —ct
W Ui 2U3
=2 e VoA, ¢ (24)
wr x,t =2 —=xsech __[j,— ——x x—cC
Wa Ui 2U3
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Fig. 3 Soliton profile for different values of speed(c).
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Wil

(a) (b)
Fig. 4 Change in amplitude (a) for different values of 4 (b) for different values of 4 .

Fig.1(a) graphically depicts equation 23  for the parametric values
c=—0.01,J=12, =6,4=1, =05D=1,#5n=1 and S =0.5. Here, a stable
J A
double-hump soliton can be produced without any amplitude compression or broad-
ening. Fig. 1(b) displays a similar profile that is produced by equation 24 . Fig.2
shows the motion of a solitary wave with a double-hump period of # = 6. The 2D
plot of soliton for various speed(c) is shown in Fig.3. Here, we observe that when
the speed increases, the single-hump soliton transforms into a multi-hump soliton.
Consequently, a single-hump soliton splitting into multi-hump soliton due to speed
fluctuation which signifies a lack of stability and a deviation from the soliton’s typical
self-reproducing behavior.

Fig.4(a) and 4(b) shows how the double-hump solitary density may alter when the
anisotropy parameter changes. The amplitude and width of the double-hump solitary
waves are observed to increase as the bilinear anisotropic energy parameter 4 and
biquadratic anisotropic energy parameter 4 decrease. As the speed of soliton is high
for soliton with large amplitude, we conclude that AFM materials with low values of
A and 4 support fastest wave for long-distance signal transmission.

As shown in Fig.5, the amplitude and width of the solitary wave decrease as the
bilinear interaction coefficients J and biquadratic interaction coefficients J increase.
when the ./ and J are changed, height and width increase for particular values J =
12.1 and J = 5.7. It implies that the wave pulse amplitude and spatial extent both rise.
This leads us to conclude that some materials permit energy transmission in the form
of solitons, with J and J values close to J=12.1 andJ = 5.7. The density profiles
dimension reduces when the D-M interaction parameter D rises, as seen in Fig.6. This
suggests that the AFM with low D values promotes solitary wave propagation.
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(a) (b)

Fig. 5 Change in amplitude (a) for different values of J (b) for different values of J .

vl
08+

e M eenep Mmoo B e e S
-3 -2 -1 1 2 3

Fig. 6 Change in amplitude for different values of D.

4 The inhomogeneous model of AFM

For the AFM spin system with bilinear, biquadratic, anisotropic and D-M interaction,
the impact of inhomogeneities is examined using the Hamiltonian

~ = ~ A B ~ 4B 2 A B’
= —4 —
H= Vi J_S“‘J?.f +551.57 +J 85,5, + SiaS)

1 -1

2 2 , 4 4
AT spi o+ SpEL L + AT spAy  + spbl
#

+g DZ SixSPrsd <gF (25)

7+1
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where the function f; and g; represent site dependent inhomogeneity. All other
parameters are the same as that given in section 2. The dimensionless form of spin
Hamiltonian (25) can be written as follows:

\AJ

> h A R R o R
H=" 5.t S4B | GGy Gar B G B GG Bz
i 7 252 ] 7 ] 7 J+1 g J+1 j ] ]

*255uSrss * A S Sh 55 8 +SraSu S5 S
/+1 1S/ S/ +SA+S 14SB+SB++2SA7S fgmﬁs
+2,-sf+,-sf*§ g SPSES PSS ST
S PSS S S S S ST,
+§_A $ B+$ffzsg an_,_gh%SAJrS B— +SA S B+

~

+SJ/+IIS & "'SJflSJB+ + 57 SzA + 5i %2

F*=

+% S+ s ) (26)

Using equations 3 and 4 in equation 26 , we construct the equation of motion
for the coherent state amplitudes o; and f; as

d
ih =S T=20 BB ot afi b S

—iD Pgo+6 g +S'24+44 o +
3 l i ' * 3% * %
STy I GG F TR 205055
+oyouBi-1fi-1 + Bi- 1,4)) 1f | +2aja§ ;J}

1.
+S3 zD —waifig +h BBig + 20088 5
%%ﬂ/ g1 F BB B gt 2aa g
-1 j-1 i1

+ST —J 6T wBpf i af B iaSia S
J 20 f 20 B By Sy o 205 a5 0gf; +

2a504500f j .y + S A+64) 20050

; @7
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d . .
ihfl=s4 J=2J  ofitoa fi +26 f +SY —iD

WGt o, g +SY 24+ f o+ —14
TS GBS+ G Gafi 20pi
Yo BBy T 4 a2 Bl
+S° 4liD ~% b b g T o gag; 20

—Bifig T %y ynigy 20 BB g;
* * *
a J+1 7

+S3 —T+6J & o B fi + g da fif; T+
ST 2 v 20, @ BY AP PP
+S® A+64) 28 f 7 . (28)

Using Taylor series expoansions 7 , 8 and

1 1

S =f=Enfc t N 77fm + ;' ;73fxxx + A ’74fmx £ o 29)
1 1 1

gei=gtn T Mg ot (30)

in equations 27 and 28 vyields the equations of motion for the inhomogeneous AFM in
the continuum limit:

. dy
lh?? =boy +b1Po+ b2 fRI +fR> + fixRs + b3 i gP)

+gxRa+guwRs +bsf Po+P3+P4 —n Ps+

P6+P7 +772 P8+P9+P10 +f);77R6+R7
!

+Rs +Ro —n* Rio+Ri1 +Ri2 +fox 17

R13+R14+R15 Jrbslg *P3+P4*i’]
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wationay o
2

o

—P¢ + P~ +172 — P9 + Pjo +ige 7 R7 — Rg

—Ro +7n*> Rii +Ri2 +igw n° Riz+Ris
+bs f Po+Pi11 —nPix+n* P13 +f

-1 Ris +7n°Ri7 +fux 7% Ris G
and

d
ih_dl% = boy> + b1Qo + baft + b3igOr +baf O+ O3+ Os

0 Os+ Os+ 01+ +n> Qs+ Qo+ O +bsg
— O3+ Ou +in Qs+ Q7 +in> — Qo+ Qo
+bef Qo + On +nQ012 + 1% O3 (32)

where by = 2S*(A+24); h = 25%( A4+ @) b = SH(—J +2J )b = S'D;
by = S3(—J+6J); b =SD;eb =J4S R =y — 2y +hy 12 Ga—
Rayr N Wa+ds —n*P%; Re = = Pard®  Ra = N nd%; Rs = = p?Y%; Re =

2

ViV Ry = iy s Re= s R o= 'y " SR = ww, W5y v 5
Ry = giiVad Ry = 0y o vy B = ghiva Ry =
W R g = wwytly SR = et Ly

vis Ry = yyrw R 18 = Sydve yry pand 0 2y 22y Fay 3
In?Y*«. Section 2 contains the expressions for Pg, P4, ..., P13 and Qq, Qy, ..., Q3. In
equations 31 and 32, all the parameters are available in the first and second
order derivative terms. The higher order terms are very lengthy and while tested
with mathematica software their effect is found to be negligibly small. Hence we have
excluded the higher order derivatives.

Therefore, again we obtain a set of coupled nonlinear partial differential equations
from equations 31 and 32 . These equations represent the dynamics of the
inhomogeneous AFM spin chain with bilinear, biquadratic, anisotropic and D-M
interaction.

Equations 31 and 32 are solved using the Sine-Cosine function approach to
examine the effect of inhomogeneity in soliton excitation. The following equations can
be obtained by separating the real and imaginary components of equations 31 and

32 asin section 3 and using the wave variable &= x — ct:

N

BeF:+ boE + b1 B>+ EF? +by foo +fi1 + fuvs +
b3 gui + g3 + geva + ba fitr + fivs + fuve +

bs gus + gxV7 + gxVs + bs fvo + fivi0 + fiovia =0, (33)
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hcEs~+ boF + b, E’F+F3 + bo fviz+ fiviz + fixvia +

b3z gues + gxVis + gxxVie + ba fu7 + fxVi7 + fixVis +
bs gug + gwvio + @uvoo + be fizl + fivor + fixvas =0, 34

—hcH:+ boG+ by G° + GH? + byfvaa + bagun

+bafunr + bsguiz + befras = 0, (35)
and
heGs~+ boH + by G*H + H? + bafvas + baguie
+bafur7 + bsgui8 + befi7 = 0. (36)
Appendix A contains the expressions for uo, uy, ..., 1z and appendix B lists
Vo, Vi, ..., V27.

Following the steps examined in section 3, we get,

I\/Il2 - 4M M3

=—M;, — , 37
i 1 TN 37
N
2 At
As = ~N—, (38)
A,
As = Ag = 0, (39)
N
2 Ax
Ay = ——~—- 40)
As
Solutions of equations 31 and 32 are
2\/12# N
I Mg _ AMLM 41
W1 X, 1) = ~f— Xsech — M- —1= " x—ct (41)
A2 2M2
and
ZV}F Ny Ty
_2 A M? — AMLM; , (42)
W2 X, 1) = —}—— xXsech —M— —32———  x—ct
As 2M>
where

M, = 8ch? + 28finbs + 8gnbs + 4n’byfs + 1422b4}§ - 41;2196],} + 4nbsgy — 4n*bsgy,
M> = —4fi*by — 4gn*bs + 28fi*bs + 10gn°bs + 8fi*be,
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Fig. 7 Unperturbed double-hump soliton representing spin excitation with ¢ =—0.01,J =12,J =
6,A=1,4 =05D=1,n=1,5=0.5f(x)=1 and g(x) = 1.

M3z = 8bo +8br—32fb>, — 16gb3 +32fbs +8gbs +16fbe +8nbfx +8nbafs —4nbefx —
An’bofex + AP bafex + befex + 1P befex + Anbsge — 2nbsge— 21 bigux + 1bsgu,

Ar = =2chPu— 2bo +8fby +2fiubs +fif b2 +4gbs +2gnubs +gn*u*bs —2nbof. +

2

;7 bZ_f'xx;

Az = 8by + 4fbs— 6fijubs + Ofip*1u’bs + 4gbs 6gnubs + 9gn? u’bs + 8fbs 4nbefr+
27%befrer

As = —2cl’u—2bo +8fb> —2fiuba +fif’ u*by +4ghs —2gnubs +gn’u’bs —2nbargy +
217 ubsfs + Pbofax — 2nbagy + 20 ubsgx + 1°bigx, and

As = 8by +4fbs — 6fiquba + fif*ulbs + 4gbs — 6gnubs + 9gn*u*bs + 8fbe + 2nbaf; —
61 ubafs + n*bafix — 2nbsgy + 6n*ubsgy + n’bsgxx.

5 Effect of inhomogeneity in soliton excitation

In many physical systems, the analytic soliton solutions are useful for explaining
the nonlinear wave phenomena when inhomogeneities are present. It is anticipated
that the coefficients of the equations in the inhomogeneous system will rely on the
derivatives of the function characterizing the inhomogeneity. The site dependency
or inhomogeneity of the coupling between spins is the source of the inhomogeneity
functions f'(x) and g(x) from the aforementioned solutions (41) and (42). The system
produces the homogeneous Heisenberg AFM spin chain if the functions f(x) = 1 and
g(x) =1, as illustrated visually in Fig.7. For the parameters c = —0.01, J =12, J =
6,4 =14 =05D =1, =1, = 05, f(x) = 1 and g(x) = 1, it shows an
double-hump soliton.

We have chosen cubic, biquadratic, periodic and localized types of inhomo-
geneities [49] to investigate whether the existence of these inhomogeneities alters
soliton propagation in any way. Initially, we will examine cubic inhomogeneity of
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the form fx = 1+ O’ +0x? and g x = 1+ Osx* + Osx?, whose solu-
tion is shown in Fig.8. Plotting shows that the double-hump soliton stays steady for
values 01<-0.009, 0,<_0.0005, 03<-0.003 and Q4+<-0.01. In addition, we can
see a disturbance in the tail region if we raise the values of Qi, O», O3 and Qs.
[ x = 1+0sx* +Qex? and g x = 1+QOxx* +Qsx? are used to study the biquadratic
inhomogeneity. Fig.9 demonstrates that the double-hump soliton maintains its shape when
0s< 0.00149, Os< 0.00125, O7< 0.0015 and Os< 0.001. Above this value, a
slight projection in the tail area is visible. In Fig.10, the periodic inhomogeneity f
x =1+ Qosin x and g x =1+ Qjo sin x is displayed. The double-hump soli-
ton’s hump exhibits a periodic variation for the values (9=0.87 and Q:0=0.9. For
the functions f x =1+ Qiicoth x and g x = 1+ Q12 coth x , we can
observe

a distortion in the localized region for the values Q11=Ix 1072 and Q;=1x 10°°
and the localized inhomogeneity is depicted in Fig.11. Function y» is excluded from
this discussion as we have obtained similar findings. A tabulation of these results are
provided in Table 1 and Table 2 for convenience.

Table 1 Limiting values with different
types of inhomogeneities

Type of Inhomogeneity  Limiting Values

Without Inhomogeneity -
Cubic O = —0.009,

0> = —0.0005,
O3 = —0.003,
Q4 = —0.01
Biquadratic 0s=—0.00149,
Q¢=—0.00125,
07=-0.0015,
Qs=—0.001
Periodic 9=0.87,
010=0.9
Localized O11=1 x107'2,
O12=1 x 10°

Table 2 The double-hump solitons dynamic behaviour with
different types of inhomogeneities

Type of Inhomogeneity =~ Dynamic

Behaviours Without Inhomogeneity

Stable Propagation

Cubic Disturbance in the tail region
Biquadratic Projection in the tail area

Periodic Hump exhibits a periodic variation
Localized Distortion in the localized region
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X

7
Fig. 8 Soliton evolution with cubic inhomogeneity for O;=—0.009, 0,=—0.0005, O;=—0.003 and

0:~0.01.

04 -
A5 [

e

5

X

Fig. 9 Soliton evolution with biquadratic inhomogeneity for Qs=—0.00149, Q~—0.00125,
07=—0.0015 and Os=—0.001

6 Conclusion

We study double-hump soliton excitations in an antiferromagnetic spin system with
biquadratic and D-M interactions in addition to anisotropy and exchange energy. Using
the coherent state ansatz, the time-dependent variational principle, and the Holstein-
Primakoff transformation, it is discovered that the dynamics are governed by a set of
two coupled nonlinear differential difference equations. Once the continumm equation
of motion have been obtained using the long wave length approximation, they are solved
using the Sine-Cosine perturbation technique, and the results are shown graphically.
Our systems interaction parameters have been analyzed, and the results
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P s
Fig. 10 Soliton evolution with periodic inhomogeneity for 0y=0.87 and Q,,=0.9.

1.0

4
Fig. 11 Soliton evolution with localized inhomogeneity for Q;1=1 x 10 2and Q=1 x107°.

are shown graphically. Without any amplitude compression or broadening, the double-
hump solitary wave is observed to be developing steadily. Additionally, using the same
perturbation technique, a model for an inhomogeneous AFM system is built and the
impact of inhomogeneity is examined. We study how soliton propagation behaves
in an inhomogeneous AFM system for different kinds of nonlinear inhomogeneities.
The perturbation analysis results indicates that when the quantity of inhomogeneity
surpasses a limiting threshold, the double-hump soliton splits and the tail fluctuates.
This suggests that soliton propagation is unstable, which impacts the system’s capacity
to operate normally.
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Appendix A

uo, u1, ..., ur9 of equation (11) - (14) are:
uo=-—"2G+nGx— i G
ur=—2H+nHx— ¥ B

3
u = SEAG+ \F2G — EFH +2EG? +2EH? + 5 + 91—y 326 + 1 F2G —
2 3 7 =z 2 7 x 7 x

} EFHA2EGGA2EHH + 3 G2Got ' H2Gor ' GHH, +12 S E2Got ' B 2Gay —
LEFHyx + EGGx + EHHyxx + EG? + EH? + 2 G2Gxx + 1H?Grx + YGHHox +
3GGt + 4G + Y HG 1, X x 8 8 4

ws = EFG +3EH + SF2H + $G?H + 3H? —n Y EFG. +? B2 H. + §F?H, +
LGHGy + YG?Hy + 3H?Hx + 1 JEFGux + 3EHsx + §F?Hax + GHGx +
iGszx + iHZHxx + 1;H6§(+ 3HHZ + L\GGxHx ;

us = EG? — 2FGH — EH? — N EGGx — FHGx — FGHx — EHHx +n? “G*%—
FG.Hy — YEFH2 + 1EGGw — 1 FHGw — ) FGHw —5! EHE..
us =2H —nH.+ 'y Hxi;

1
u6=_2G+7’]

Gos 2 G
— _ 277 ! b 2 21 g 1 3 _ 277 _
u; = EFG 2E‘IL; 5 F*H+2FG +21FH 5 G°H H- KL&EFGx %‘E H

3F Hy+2FGGy+2FHHx— ,GHGx— )G He— JH2H, +n? YEFGux— JE Hux—
i

3 F2HWAFGGu+FHH+FG? +FH? — 1 GHGw— 1 G2Hw— 3 HPHw— 1 HG? —
x x 4 8 8 4 X

3 HH2 — 5 GGH; ;
us = 3 E2G+3F?G+EFH + “G>+ 5GH? 51 3 E{Gx+ 4F?Gugt YEFHx +°43°Gx +

1 22 1 8 - 8 8
4 H Gx 5 GHH: + G+ F Gu+ 4 EFHw  G2Guo+ H Gt
YGHHxx +12GG? + LGH2 + YHG Hx +

bo = —FG? 4— 2BGH* + FH? — 1 — FGG x — EHG x — EGH x+ FHH x + n? —

2 FG% — EGxHx + %FH%C— 1FGGx — 3EGHxx + *FHHyxx ;
w0 = —2E — nEx— {1 17Exx;
uil = 2F —nFx— %12 s

w2 = 3EG> + \EFP ~ FGH +2E*G+2F>G+ B3+ | EF? —y er
éGHFx +2EGEx + 2FGFx + JE Ex+ AF2Ex+ LEFFy +1° 3G Exx+ gH Exx —
GHFxx + EGExx + FGFxx + GE> + GF 2 + *E?Erxx + “F?Exxc + LEFFxx+ *EE* +

¥EF2 4+ IFFxEx X X 8 8 4 4 X
g13 = EGH + 3FG2 + YFH?2 + YE2F + 'F3 4+ n YGHEx + 3G%Fr + YH?F, +

%+ ;HZEX -

2 2 z 2 2 T F
1
YEFEx+E2Fet3F2Fe +n° ;GHExxc+ 3G Fac+ LH? Faxt SEFEc+ LE2Fr+
2F2Fux+ YFE%Z+ 3FF2+ YEELF. ;
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uia = E?2G — 2EFH — F2G +n EGGx — EHFx — FHEx — FGFx +n? “GE*—
HE.F. — LY GE? +5' GEE.. —5! FHE.. —5' FGF.. - EHF.. ;
U1s =2F + nFx + 1n?Fy;

1 2

u
16 = 2FE —nkx X/
w1 = EGH — @ AL £FH2+2E2H+2F2H 21E2F 1F3+;;IZGHEX—1G2FX

3H2Fx+2EHEx+2FHFx lEFEx—41E Fix =2 gF Fx +n% AGHEw - &;%Exx

3 HPF o+ EHE v+ FHF oo + HE? +HF2 g EFEw— 1 p2ro -3 r2r.— 1 FE2 —
1 x 4 8 8 4 x
2 FE? - EEF,

Ui = 1EG2 3EH? + FGH + YE3 + YEF2 + n YG2Ex + 3H?Ex + *GHFx +

3 2 1 2, 2 4 4 2
ZE 2Ex+ ZLF 2Ex+ EEFFX +n2 %G Exx+ g/_/ZEXX... %‘GHFXX+ gEzExx+ ngExx+

YEFF + 3EE?2+ YEF2 + LFFE.
uis = —E2H — 2EFG + F?H + 5y — EHEx — FGEx — EGFx + FHFx + 1> —
Y HE2 — GEWF« + 3 HF2 —5' HEE« —5' FGEw —' EGFu 4 ' HF Frx |

Appendix B

Vo, Vi, w7 of e uatlons 36) are:
Vo= BEL Gy (313) &Y
Vi :nE+G — 17%°Gx;

V2 = — %n 2E+G;

2H;
V4 = *2 77 IIZI
Vs =1 3E2G 1F2G+EG2+ 1G3 ;EFH+EH2+ LGH? —»n? 3 E?Gx+ 'F2Gy+
- 4 4 4

2EGGx+ GQG + YH2G — *EFH. + 2EHHx + *GHHx ;

ve=n2 32, 1F§G+1EGZ+ 1G3—1EFH+}EH2 'GH?

3 8 8 1 2 8 ;

v =n —3EFG-3E H- 1F H=1G™H—1H> +0% JEFGy+3GHG.+1E H+

VFH+ 16 Hx+ 3H2HX :
% = n? 1EFG+ JE2H + (F,H+ 1G?H + 1H
4 8 - 8 , 8 +
Vo=E3+ EF2+ EG?2—2FGH —EH “—n EGGx — FHGyx — FGHx — EHHx
n? $EG? +5 EGGxx —5 FHGxx — FGxHx —  EH¥* — 3 FGHxc — 1 EHHxx ;
vio=-n YB3+ YEF2+ YEG? + FGH + n? EGGx — FHGx — FGHx — EHH,. ;
2 2 2

4

vii=r? 134 fEF2 s LEG? - trGH - Lerm?
Vio =2F +2H — ;7Hx+217Hxx,
vizs=n F—H +pn
via = n? —;F+lH,‘

2 2
vis = nG — n>Gx;
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V16=—12172G;
1 2
vir =5 3EFG + FG —3E —3F —3G +FH —;  —p?EFG:+
2FGGyx — 1GHG, — *E2HiI- 3 F2HY — *G2Hy + 2FHH, — 3H?H, ;

2 4 3 1 4
vis =n2 YEFG FG* ' EH JF2m (GPH+ JFHE 3 °

TE2G+3F2G+1G®*+YEFH +*GH? +n* 'E2Gx +H F2Gx + 2G%Gx +

vie=-n 3 . i, 4 3 4
YH2Gx+ XEFHx + YGHH, ;
vio=n* T _,  3FG+1 5 1 T

LEG+ ] 3G+ JEFH + 3GH ;
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w1 = E’F + F3—~ FG? - 2EGH+ FH? + n FGGy + EHGx + EGH, — FHHy, +
n? —3'FG? —3' FGGxx —3' EHGxx — EGxHx + 3FH% — EGHxx + SFHHxx ;
vio =59 5 'E*F 5 'F3+ '\FG>*+ EGH — 'FH? +3n?> —FGG.,—EHG,—
EGH, +

FHH ;

— 0% _ s 1 20 2 7
V3t = n;EEng{ 1ﬁ73EiC TZF(yzEX)aJEGH + 1FH? ;
vos = E2G — F2G + G® —2EFH + GH? + n EGE, — FHE, — FGF —
FHFGE  + ) EGExx — , FHExx — HExFx — YGF2 — }FGFux — 2EHFxx ;

Voo = 2F — 2H + nF, 35 U2 Fe
YoriE —2EFG—E H+RF H%G H+H +n —FGE,—EHE.—EGF,+

n? —5 HE? —'FGE« 5 'EHE«w — GE.Fx5+ "[HF%— 'EGF3. + 'FHF . .
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