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INTRODUCTION

The concept of fuzzy set and interval-valued fuzzy set (IVFS) was
first proposed by Zadeh [14, 15]. Following this, fuzzy topological
space was introduced by C. L. Chang [3] in 1968. Subsequently, in
2012, Y. B. Jun [9] utilized the notions of fuzzy sets and interval-
valued fuzzy sets to introduce a novel set called cubic set. Akhtar
[1], in 2016, constructed a topological structure based on cubic
set theory, termed as cubic topological space, which discussed
two variants known as P-cubic topological space and R-cubic
topological space. Further advancements were made in 2019 by
Loganayaki and Jayanthi [11], who introduced interior and closure
in P-cubic topological space and R-cubic topological space, along
with various types of open sets and continuous mappings on these
spaces.

In a series of significant contributions, E. Ekici [4, 5, 6, 7, 8]
extensively investigated the properties of e and e"x sets, along
with nearby open sets, within the context of general topological
spaces. Ekici's research provided valuable insights into the
behavior of these sets, contributing significantly to the
understanding of topological structures.

The objective of our paper is to introduce P-order e-open
Continuous Mapping and its associated nearby open sets. We aim
to establish solid theorems and provide illustrative examples to
support our propositions.
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Preliminaries

Definition 2.1 [15] A closed sub-interval of I =[0,1] is called
interval number. a=J[a", a*] where 0<a <a*<1. [I]
denotes the set of all interval numbers.

Definition 2.2 [15] Let X be a non-empty set. A function A:X —
[1], from X to all interval number is called interval valued fuzzy
set ( IVFS) in X. [I]* denotes the set of all IVFS in X. VA€
[[T¥andx € XA(x) = [A~(x), A*(x)]is called degree of
membership of x in A. individually A~—:X -1 and A* : X - I is
Fuzzy set in X. Simply A~ is called lower fuzzy set and A" is
called upper fuzzy set.

Definition 2.3 [9] Let X be a non-empty set, Then a structure
A= {(x, u(x), A(x))/x € X} is cubic set in X in which pu is
interval valued fuzzy set ( IVFS) in X and A is fuzzy set in X.
Simply a cubic set is denoted by A = (u,A) and CX denotes the
collection of all cubic sets in X.

Definition 2.4 [9] Let X + ¢, Then a cubic set A = (u,A) is said
to be internal cubic set (ICS) if p~(x) < A(x) < u*(x)vx € X.
Definition 2.5 [9] Let X # ¢, Then a cubic set A = (u,A) is said
to be an external cubic set (ECS) if 1(x) € (u~(x), ut(x))vx € X.
1. A cubic set 4 = (u,A) in which u(x) =0 and A(x) =1 (resp.
u(x) =1 and A(x) = 0)vx € X is denoted by O(resp.1) .

2. Acubicset A = (u 1) in which u(x) =0 and A(x) =0 (resp.
u(x) =1 and A(x) = 1vx € X is denoted by O(resp. 1) .
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Let A=(u,A) and B = (B,n) be two cubic sets in X, Then we
define;
1. A=Beu=fand 1=17

2. Acp,Beoucpfpand 1<y

3. A=<y 1-2A>={(x, u°(x), 1 —A(x))/x €
X}
(A) =4
0°=1and1¢=0
(Up 4))° = Np A7 and (Np 4;)° = Up 4f
P-Union Uey 4 = {{(x, (Usen #)(®), (VA)i €

No v

N(x)/x € X)}
8. P-Intersection Ny A4 = {{x, (Niey 1)), i €
N(A2)(x)/x € X)}

Definition 2.6 [1] A P- cubic topology (in brief Pct )is
the family Fp, of cubic sets in X which satisfies the following
conditions;

1. 0,1€Fp.
2. Let A, € Fp, Then Up A; € Fp.i €N
3. Let A,B € Fp, Then ANp B € Fp.
The pair (X,Fp) is called P-cubic topological space (in
brief, Pcts ).

Definition 2.7 [11] A set R is said to be a P-order

Cubic set (in brief, CSp) [(i)]
1. regular open set (briefly, CSpros) if R =
CSpint(CSpclR).
2. regular closed set (briefly, CSprcs) if R =
CSpcl(CSpintR).
Definition 2.8 [11] Aset R issaid tobea CS, [(i)]
1. interior(resp. & interior ) of R (briefly,
CSpintR (resp. CSpéint )) is defined by CSpintR (resp. CSpdint)
=U {G:GSR & G isa CSpos (resp. CSpB0s) in X}.
2. closure(resp. § closure ) of R (briefly, CSpclR
(resp. CSpdcl )) is defined by CSpclR (resp. CSpécl) =
N {G:G2R & G isa CSpcs (resp. CSpdcs) in X}.
Definition 2.9 [11] A set R is said to be a CSp [(i)]
1. B open set (briefly, CSp,Bos) if R <
CSpcl(CSpint(CSpclR)).
Definition 2.10 [12] A set R is said to be a CSp [(i)]
1. &-pre open set (briefly, CS,8Pos) if R <
CSpint(CSp6¢lR).
2. &-semi open set (briefly, CSp,8Sos) if R €
CSpcl(CSpbintR).
3. e-open set (briefly, CSpeos) if R ©
CSpcl(CSpSintR) U CSpint(CSpSClR).
4. e*-open set (briefly, CSye*os) if R C
CSpcl(CSpint(CSp8clR)).
5. a-open set (briefly, CSpaos) if R <
CSpint(CSpcl(CSpdintR)).

The complement of a CSp,e-open set (resp. CSpdos,
CSpéPos, CSpdSos & CSpe*os) is called a neutrosophic soft e-
(resp. 8, 6-pre, 6-semi & e*) closed set (briefly, CSpecs (resp.
CSpdcs CSpéPcs, CSpdScs & CSpe’cs)) in X.

The family of all CS,6Pos (resp. CSp6Pcs, CSpdSos,
CSp68cs, CSpeos, CSpecs CSpe*os & CSpe*cs) of X is denoted
by CS,6POS(X) (resp. CSp6PCSp(X) , CSp6S0S(X) ,
CSp6SCSp(X) , CSpe0S(X) , CSpeCSp(X) CSpe*0S(X) &
CSpe*CSp(X)).

Definition 2.11 [12] A set R is said to be a CS, [(i)]

1. e interior(resp. § pre interior & & semi
interior) of R (briefly, CSpeintR (resp. CSp6Pint & CSp6Sint
)) is defined by CSpeintR (resp. CSp6Pint & CSp8Sint) =
U {G:GSR &G isa CSpeos (resp. CSp6Pos & CSp8Sos) in

Remark 3.1
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X}

2. e closure (resp. & pre closure & & semi
closure) of R (briefly, CSpeclR (resp. CSp6Pcl & C(Sp8Scl))is
defined by CSpeclR (resp. CSp6Pcl & CSpéScl) =N {G:R<cG
& R isa CSpecs (resp.CSpéPcs & CSp8Scs) in X}.

Definition 2.12 [11] Let (X,F;) and (Y,G,) be any
two NSts’s. Amap f:(X,Fp) - (Y,G,) is said to be CSp [(i)]

1. continuous (briefly, CS,Cts) if the inverse
image of every CSpos in (Y,G,) isa CSpos in (X,Fp).

2. B-continuous (briefly, CSpBCts) if the inverse
image of every CSpos in (Y,G,) isa CSpfos in (X, Fp).

3 P-order e-open Continuous in Cubic Topological
Spaces

Definition 3.1 Let (X,%,) and (Y,G,) be any two
NSts’s. Amap f:(X,Fp) - (Y,G,) is said to be CSp

1. &S-continuous (briefly, CS,8SCts) if the
inverse image of every CSpos in (¥,G,) isa CSpdSos in (X,Fp).

2. §P-continuous (briefly, CS,86PCts) if the
inverse image of every CSpos in (¥,G,) isa CSpdPos in (X,Fp).

3. e-continuous (briefly, CSyeCts) if the inverse
image of every CSpos in (Y,G,) isa CSpeos in (X,Fp).

4. e*-continuous (briefly, CSpe*Cts) if the inverse
image of every CSpos in (Y,G,) isa CSpe’os in (X,Fp).

5. a-continuous (briefly, CSpaCts) if the inverse
image of every CSpos in (Y,G,) isa CSpaos in (X,Fp).

Proposition 3.1 The statements are hold but the

converse does not true. Every

CSpCts isa CSp8SCts.

CSpCts isa CSp6PCts.

CSpdSCts isa CSpeCts.

CSpéPCts is a CSpeCts.

CSpeCts is a CSpe*Cts.

CSpeCts is a CSpaCts.

CSpaCts is a CSpPBCts.

CSpBCts isa CSpe*Cts.

Proof.

1. Let M be a CSpos in Y. Since f is CSpCts,
F7H(M) is CSpos in X. Since all CSpos are CSp8S80s, f~1(M) is
CSpéSos in X. Hence f isa CSpdSCts.

2. Let M be a CSpos in Y. Since f is CSpCts,
F7H(M) is CSpos in X. Since all CSpos are CSp8Pos, f~H(M) is
CSpéPos in X. Hence f isa CSp8PCts.

3. Let M bea CSpos in Y. Since f is CSp8SCts,
F7HM) is a CSp8Sos in X. Since every CSpb0s is a CSpeos,
f1(M) is a CSpeos in X. Hence f isa CSpeCts.

4. Let M be a CSpos in Y. Since f is CSp6PCts,
FH(IM) is a CSp6Pos in X. Since every CSp8Pos is a CSpeos,
f1(M) is a CSpeos in X. Hence f is a CSpeCts.

5. Let M be a CSpos in Y. Since f is CSpeCts,
f1(M) is a CSpeos in X. Since every CSpeos isa CSpe*os ,
F7H(M) is a CSpeos in X. Hence f isa CSpe*Cts.

6. Let M bea CSpos in Y. Since f is CSpeCts,
F7H(M) is a CSpaos in X. Since every CSpyeos is a CSpaos ,
f7H(M) is a CSpaos in X. Hence f isa CSpaCts.

7. Let M be a CSpos in Y. Since f is CSpaCts,
F7H(M) is a CSpPos in X. Since every CSpaos is a CSpPos ,
f1(M) is a CSpPos in X. Hence f isa CSpBCts.

8. Let M be a CSpos in Y. Since f is CSpfBCts,
F7Y(M) is a CSpe*os in X. Since every CSpfos isa CSpe*os ,
f1(M) is a CSpe*os in X. Hence f isa CSpe*Cts.
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We obtain the following diagram from the results we discussed above and justified from the following examples.




C'SpsPClLs

C'Spe*Cts

CSpCts

CSpeCts

L

CSpfCts

CSpaSCls

Example 3.1 Let X be a non-empty set and let F, =
0,1, 0, 11, 3}, F'y = 0,1, g, 115, 16, 17, g, 115} DE  two P -cubic
topologies on X wherey, = {[0.2,0.4],0.3), 4, = ([0.5,0.7],0.6), 5 =
([0.8,0.9],0.8), 1, = ([0.4,0.6],0.5), us = ([0.7,0.9],0.8), g =
([0.1,0.5],0.7), 7 = ([0.1,0.2],0.2), ug = ([0.3,0.4],0.4), oy =
([0.6,0.8],0.7). Define an idendity mapping f,:(X,Fp) = (X,F',).
Here f, is CSp6PCts but not a CSpCts, since p, is CSpéSos but
not CSpos in (X,Fp).

Example 3.2 Let X be a non-empty set and let Fp, =
{0, iuullMZHu3}'T,p = {ﬁ' i’u4’#5'#6'u7’#8'#9} be two P -cubic
topologies on X where U =([0.2,0.4],0.3), u, =
([0.5,0.7],0.6), 5 = ([0.8,0.9],0.8), u, = ([0.4,0.6],0.5), 5 =
{[0.7,0.9],0.8), g = ([0.1,0.5],0.7), u; = ([0.1,0.2],0.2), g =
([0.3,0.4],0.4), uy = ([0.6,0.8],0.7) . Define an idendity mapping
fo:(X,Fp) » (X,F',). Here f, is CSp,65Cts but not a CSpCts,
since g is CSpéSos but not CSpos in (X,Fp).

Example 3.3 Let X be a non-empty set and let F, =
0,1, 10, 112, 3}, F'y = 0,1, o 115, 16, 17, g 15} DE  two P -cubic
topologies on X where Uy = ([0.2,0.4],0.3), u, =
([0.5,0.7],0.6), 5 = ([0.8,0.9],0.8), u, = ([0.4,0.6],0.5), s =
{[0.7,0.9],0.8), g = {[0.1,0.5],0.7), u; = ([0.1,0.2],0.2), g =
([0.3,0.4],0.4), uy = ([0.6,0.8],0.7) . Define an idendity mapping
fp:(X,Fp) > (X,F',). Here f, is CSpeCts but not a CSp5PCts,
since uq is CSpeos but not CSp8Pos in (X,Fp).

Example 3.4 Let X be a non-empty set and let Fp, =
{0, il:ull:uZl#3}'?,17 = {0' il#4l#5'#6'#7l#8'ﬂ9} be two P -cubic
topologies on X where U, =([0.2,0.4],0.3), u, =
([0.5,0.7],0.6), 5 = ([0.8,0.9],0.8), u, = ([0.4,0.6],0.5), s =
([0.7,0.9],0.8), g = ([0.1,0.5],0.7), u; = ([0.1,0.2],0.2), g =
([0.3,0.4],0.4), uy = ([0.6,0.8],0.7) . Define an idendity mapping
fo: (X, Fp) = (X,F',). Here f, is CSpeCts but not a CSp8SCts,
since us is CSpeos but not CSp6Sos in (X, Fp).

Example 3.5 Let X be a non-empty set and let F, =
{61 i:“lt”Z:“3}vT,p = {ﬁv i,ﬂmlls.lls'ﬂwlls:ﬂe} be two P -cubic
topologies on X where u; =([0.2,0.4],0.3), u, =
([0.5,0.7],0.6), 3 = {[0.8,0.9],0.8), u, = ([0.4,0.6],0.5), 5 =
{[0.7,0.9],0.8), g = ([0.1,0.5],0.7), u; = ([0.1,0.2],0.2), g =
([0.3,0.4],0.4), uy = ([0.6,0.8],0.7) . Define an idendity mapping
fo:(X,Fp) > (X,F',). Here f, is CSpe*Cts but not a CSpeCts,
since pg is CSpe*os but not CSpeos in (X,Fp).

Example 3.6 Let X be a non-empty set and let F, =
{61 i:“lt”Z:“3}vT,p = {ﬁv i,ﬂmlls.lls'ﬂwlls:ﬂe} be two P -cubic
topologies on X where u; = ([0.2,0.4],0.3), u, =
([0.5,0.7],0.6), 45 = {[0.8,0.9],0.8), u, = ([0.4,0.6],0.5), s =
([0.7,0.9],0.8), g = ([0.1,0.5],0.7), u; = ([0.1,0.2],0.2), g =
([0.3,0.4],0.4), uy = ([0.6,0.8],0.7) . Define an idendity mapping
fo:(X,Fp) = (X,F',). Here f, is CSpe*Cts but not a CSpBCts,
since u, is CSpe*os but not CSpBos in (X,Fp).

Example 3.7 Let X be a non-empty set and let F, =
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{61 i:ﬂ1:#2:ﬂ3}:T’p = {a' il#4l“5'u6'ﬂ7l“81“9} be two P -cubic
topologies on X where Uy =([0.2,0.4],0.3), 4, =
([0.5,0.7],0.6), i3 = ([0.8,0.9],0.8), i, = ([0.4,0.6],0.5), us =
([0.7,0.9],0.8), g = ([0.1,0.5],0.7), u; = ([0.1,0.2],0.2), g =
([0.3,0.4],0.4), uy = ([0.6,0.8],0.7) . Define an idendity mapping
for (X, Fp) > (X,F',). Here f, is CSpBCts but not a CSpeCts,
since ug is CSpBos but not CSpeos in (X,Fp).

Example 3.8 Let X be a non-empty set and let Fp =
0,1, 11, 112, 13}, F'p = {0, 1, 4y 15, 16, 117, g 15} be two P -cubic
topologies on X where uy =([0.2,0.4],0.3), u, =
([0.5,0.7],0.6), 5 = ([0.8,0.9],0.8), i, = ([0.4,0.6],0.5), us =
([0.7,0.9],0.8), g = ([0.1,0.5],0.7), u; = ([0.1,0.2],0.2), g =
([0.3,0.4],0.4), us = ([0.6,0.8],0.7) . Define an idendity mapping
fp:(X,Fp) » (X,F'p). Here f, is CSpBCts but not a CSpaCts,
since g is CSpBos but not CSpaos in (X, Fp).

Example 3.9 Let X be a non-empty set and let Fp =
{01 17“17#27“3}3?,1) = {0, 17#47“&“6'#7'”8'”9} be two P -cubic
topologies on X where uy =([0.2,0.4],0.3), 4, =
([0.5,0.7],0.6), 5 = ([0.8,0.9],0.8), i, = ([0.4,0.6],0.5), us =
([0.7,0.9],0.8), g = ([0.1,0.5],0.7), u; = ([0.1,0.2],0.2), g =
([0.3,0.4],0.4), uy = ([0.6,0.8],0.7) . Define an idendity mapping
fo:(X,Fp) > (X,F'y). Here f, is CSpeCts but not a CSpaCts,
since ug is CSpeos but not CSpaos in (X, Fp).

Theorem 3.1 Amap f:(X,Fp) - (Y,G,) is CSpeCts
iff the inverse image of each CSpcs in Y is CSpecs in X.

Proof. Let M be a CSpcs in Y. This implies M¢ is
CSpos in Y. Since f is CSpeCts, f~1(I°) is CSpeos in X. Since
FHENE) = (F7)e, (M) is a CSpecs in X.

Conversely, let M be a CSpcs in Y. Then M is a
CSpos in Y . By hypothesis f~1(M°) is CSpeos in X. Since
FHE) = (Fm)°, (F1IM))° is a CSpeos in X. Therefore
F7H(M) is a CSpecs in X. Hence f is CSpeCts.

Definition 3.2 A CS,t (X,F,) is said to be CSpeUx

2

(in short CSpeU:. )-space, if every CSpeos in X isa CSpos in X.

Theorem 3.2 Let f:(X,Fp) — (Y,G,) be a CSpeCts,
then f isa CSpCts if X isa CSpeU:i-space.

Proof. Let M be a CS,,zos in Y. Then f71(M) is a
CSpeos in X, by hypothesis. Since X is a CSpeUi-space, f~1(M)
isa CSpos in X. Hence f isa CSpeCts.

Theorem 3.3 Let f:(X,Fp) — (Y,G,) bea CSpeCts
map and g:(Y,G,) - (Z,€,) be a CSpCts, then go f:(X,Fp) -
(z,€,) isa CSpeCts.

Proof. Let M be a CSpos in Z. Then g71(M) is a
CSpos in Y, by hypothesis. Since f is a CSpeCts map,
(g™ (M))) is a CSpeos in X. Hence go f isa CSpeCts map.

Theorem 3.4 Let f:(X,Fp) — (Y,G,) bea CSpeCts
map. Then the following conditions are hold.

i. f(CSpecl(M)) < CSpcl(f(M)), for all CSpcs M




in X.

ii. CSpecl(f~1M) < f~1(CSpclIM), for all CSpcs
Min Y.

Proof. (i) Since CSpecl(f(M)) isa CSpecs in Y and
f is CSpeCts, then f~1(CSpecl(f(M))) is CSpec in Y. Now, since
M < fHCSpl(F(M))) ,  CSpecl(IM) < fH(CSpecl(f(I)))
Therefore, f(CSpecl(IM)) < CSpcl(f(M)).

(ii) By replacing 9 with f~1(M) in (i), we obtain
F(CSpecl(f1M)) < CSpcl(F(F1M)) < CSpelM . Hence,
CSpecl(f~1M) < f~1(CSpcliN).

Remark 3.2 If f is CSpeCts, then

1. f(CSpecl(M)) is not necessarily equal to
CSpcl(f(IM)) where (M) € X.

2. CSpecl(f~1M) is not necessarily equal to
FY(CSpclIN) where M e Y.

Theorem 3.5 f is CSpeCts iff f~1(CSpint(IM)) <
CSpeint(f~1(M)), for all CSpcs M in Y.

Proof. If f is CSpeCts and MEY . CSpint(M) is
CSpos in Y and hence, f1(CSpint(M)) is CSpeos in X .
Therefore CSpeint(f~1(CSpeint(M))) = f1(CSpint(M)) . Also,
CSpint(M) <M , implies that f~1(CSpint(M)) < fF71(M) .
Therefore CSpeint(f~1(CSpint(M))) < CSpeint(f~1(M)). That is
fH(CSpint(M)) < CSpeint (f~1(M)).

Conversely, let f~(CSpint(M)) < CSpeint(f~1(M))
for all subset M of Y. If M is CSpos in Y, then CSpint(M) =
M. By assumption, f~1(CSpint(M)) < CSpeint(f~1(M)). Thus
FHI) < CSpeint(f~1(M)) . But CSpeint(f~1(M)) < f~1(M) .
Therefore CSpeint(f~1(MM)) = f~1(WM) . That is, f1(M) is
CSpeos in X, for all CSpos M in Y. Therefore f is CSpeCts on
X.

Remark 3.3 If f is CSpects, then CSeint(f~1(A)) is
not necessarily equal to f~*(CS;nt(A)) where A€Y.
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